ON TAMELY RAMIFIED IWASAWA MODULES FOR THE 
CYCLOTOMIC Z„-EXTENSION OF ABELIAN FIELDS 



TSUYOSHI ITOH 



Abstract. Let p be an odd prime, and fcoo the cyclotomic Zp-extension of an abelian 
field k. For a finite set S of rational primes not including p, we will consider the max- 
imal 5'-ramified abelian pro-p extension M5 (/coo) over k^o- We shall give a formula 
of the Zp-rank of Ga.\{Ms{koo)/koo)- In the proof of this formula, we also show that 
M[gy{koo)/ L{koo) is a finite extension for every real abelian field k and every rational 
prime q distinct from p, where L(fcoo) is the maximal unramified abelian pro-p extension 
over koo- 

1. Introduction 

Let k be an algebraic number field, and p a prime number. We denote by koo/k the 
cyclotomic Zp-extension (i.e. the unique Zp-extension contained in the field generated by 
all p-power roots of unity over k). Let S" be a finite set of rational primes, and Msikoo) 
the maximal pro-p extension of /Cqo unramified outside S (i.e., the primes of k^o lying 
above the primes in 5* are only allowed to ramify in Ms{koo)/koQ). 

When S contains p, the structure of Xs{koo) = Gal{Ms{koo) / koo) is already studied 
(see, e.g., Iwasawa [7], Neukirch-Schmidt-Wingberg (ID])- In particular, Xsikoo) is a free 
pro-p group under certain conditions. 

Recently, the structure of Xsikoo) for the case that p ^ S is also studied by several 
authors (Salle [11], Mizusawa-Ozaki |9], ...). In this case, it seems that Xs{koo) does not 
have a simple structure. Then, to study X5'(A;oo), it is important to study the structure of 
its abelian quotient. Let Ms{koo)/koo be the maximal abelian pro-p extension unramified 
outside S. In the present paper, we shall consider Xs{koo) = G al{Ms{k 00) / koo) for the case 
that p ^ S. Since Gal{koo/k) acts on ^^^5(^00), we can use Iwasawa theoretic arguments. 
We call this Xs{koo) the S'-ramified Iwasawa module. (When p ^ S, all primes which 
ramify in Ms{koo)/koo are tamely ramified. We also call these modules "tamely ramified 
Iwasawa modules".) 

If a Zp- module M satisfies dim^^ M Qp = r < 00, we say that the Zp-rank of M is 
r, and we write rank^^M = r. Our purpose of the present paper is giving a formula of 
iai\ki^Xs{koo) when k is an abelian extension of Q and p is an odd prime. (In this case, 
we can show that Xs{koo) is finitely generated over Zp.) 
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We shall give a remark about "giving a formula of Tanki^^Xsikoo)" ■ Let L{koo) be the 
maximal unramified pro-p extension of k^o- We put X{koo) = Gal(L(A;oo)/^oo)- Then 
X{k^) is the (usual) Iwasawa module, and A = iai\ki^X{k^) is called the Iwasawa A- 
invariant. In general, it is hard to write A explicitly. Since X{koo) is a quotient of 
Xs{kao)i we consider it is sufficient to obtain a formula including A at the present time. 
(That is, we will only give a formula of rankzpGal(Ms(/coo)/-^^(^oo)), actually.) However, 
for abelian fields, the "plus part" of A is conjectured to be (Greenberg's conjecture), and 
the "minus part" of A can be computed (at least theoretically) from the Kubota-Leopoldt 
p-adic L-functions (Stickelberger elements). 

We also mention that formulas of rankzpX5(fcoo) are already obtained for several cases. 
In particular, the Zp-rank of the "minus part" of Xs{koo) for CM-fields is already known 
(see section 2). Salle [llj studied Xs{koo) for the case that k is an imaginary quadratic 
field and p = 2. Moreover, when = Q, a formula of iai\kij,Xs{Q,oo) (including the case 
that p = 2) is shown by Mizusawa, Ozaki, and the author [5] (as a corollary, a general 
formula for imaginary quadratic fields is also given). In the present paper, we shall extend 
the method given in [5] for abelian fields. The following theorem is crucial to prove the 
formula of liwki^XsiQoo)- 

Theorem A. (see [5J) Let q he a rational prime distinct from p . Then M{g}(Qoo)/Qoo is 
a finite extension. 

At first, we will generalize Theorem A for real abelian fields (under the condition that 
p is an odd prime). 

Theorem 1.1. Assume that p is odd. Let k be a real abelian field, and q a rational prime 
distinct from p . Then M^gj{koo)/L{koo) is a finite extension. 

We remark that M^qj{koo) / L{koo) can be infinite when k is an imaginary abelian filed. 
(For example, see [TT], [S], [S], or section 6 of the present paper.) Similar to [5], Theorem 
1.1 plays an important role to prove our formula of rankzpXsikoo) for abelian fields. 

In section 2, we shall state some basic facts, and give some preparations for proving 
Theorem 1.1. We will prove Theorem 1.1 in sections 3 and 4. In section 5, we shall give 
a simple remark about a generalization of Theorem 1.1. In section 6, we shall give a 
formula of rankzpXsiKoo) for abelian fields (Theorem 6.4). The formula is given as the 
X-component version. We also give some examples with applying this formula for some 
simple cases. 

2. Preliminaries 

Firstly, we shall recall some basic facts from class field theory. Let p be an odd prime 
number, and k an algebraic number field. We denote by /cqo/ k the cyclotomic Zp-extension. 
For a non-negative integer n, let kn be the nth layer of k^o/k (that is, the unique subfield 
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of koo such that is the cychc extension of degree p"). Let 5* be a finite set of rational 
primes not including p. For an algebraic extension (not necessary finite) /C of Q, let 
Ms{)C) be the maximal abelian (pro-)p-extension of /C unramified outside S, and L{)C) 
the maximal unramified abelian (pro-)p-extension of /C. For an abelian group G, let G be 
the p-adic completion of G (that is, G = l^mG/G^"). 

As noted in section 1, we shall mainly consider the Zp-rank of Gal{Ms{koo)/ L{koo))■ 
BJ class field theory, we have the following exact sequence: 

^ ^ (oZ/qr ^ Gal(M5(fc„)/^(A;„)) ^ 0, 

qes 

where E^^ is the group of units of kn, Ok„ is the ring of integers of kn, and rjn is the 
natural homomorphism induced from the diagonal embedding. We put Eoo = l^im Ek„ , 

and Rq = ^im {Ok„/q)^, where the projective limits are taken with respect to the natural 
mappings induced from the norm mapping. Then we obtain the following exact sequence: 

E^n^Rq^ Gal{Ms{k^)/L{k^)) ^ 0. 

qes 

In the cyclotomic Zp-extension, all (finite) primes of k are finitely decomposed. Then Rq 
is a finitely generated Zp-module. From this, we also see Gal{Ms{koo) / L{koo)) is finitely 
generated over Zp. On the other hand, the theorem of Ferrero- Washington implies that 
GaA{L{koo) / kao) is a finitely generated Zp-module, if k is an abelian field. Hence, we see 
that for every abelian field k, Xs{koo) is finitely generated over Zp. (We can see that the 
Zp-rank of Xs{koo) is always finite in general.) Though the computation of the Zp-rank 
of Rq is relatively easy, it seems hard to determine the cokernel of r]oo directly. 

Remark. When the base field A; is a CM-field, the minus part of E^o is easy to compute 
(we also able to compute the minus part of Rq). Hence we can obtain a formula of the 
Zp-rank of the minus part of Gal(M5(/coo)/-^(^oo))- This was already done (see Khare- 
Wintenberger [8]). 

Secondly, we shall give some preparations to prove Theorem 1.1. Let g be a prime 
number satisfying q ^ p. For simplicity, we will write Mp(-), Mq{-), Xq{-) instead of 
^{p}("), M{qy{-), X|g}(-), respectively. 

Lemma 2.1. Letk'/k be a finite extension of algebraic number fields. If GaA{Mq{k'^) / L{k'^)) 
is finite, then Gal(Mg(fcoo)/-^(^oo)) is also finite. 

Proof. Let 

be the homomorphism induced from the norm mapping. We can see that the order of 
the cokernel Coker(A'^„) is bounded as n — )■ oo. (Proof: Since there are only finitely many 
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primes in koo lying above q, the p-rank of {Ok„/q)^ is bounded. Moreover, the exponent 
of Coker(iV„) is at most [k' : k].) Since Gal{Mg{k'J / L{k'J) (resp. Gal(Mg(A;„)/L(A;„))) is 

isomorphic to a quotient of {Ok'^/q)^ (resp. {Ok^/q)^), Nn induces the homomorphism 
Gal{Mq{k[j) / L{k'^)) — )■ Gal(Mg(fc„)/L(A;„)). From the above fact, the order of the cokernel 
is bounded as n — )■ oo. 

Assume that Gal{Mg{k'^) / L{k'^)) is finite. Then the order of Ga\{Mg{k'J / L{k'J) is 
bounded as — )■ cxd. From the above fact, we see that the order of Ga\{Mg{k'^) / L^kl^)) is 
also bounded. Hence Gal{Mg{koo) / L{koo)) is finite. □ 

From Lemma 2.1 and the theorem of Kronecker-Weber, we may replace a real abelian 
field k to the maximal real subfield of a cyclotomic field containing k. For a positive 
integer d, let fi^ be the set of all dth root of unity, and Q(/id) the dth cyclotomic field. 

Lemma 2.2. Let f be a positive integer which is prime to p, and m a positive integer. 
We put K = Q{fifpm) and k = (the maximal real subfield of K). If q does not split 
in K/k, then Mq{koo) = L{koo). 

Proof. Let q be an arbitrary prime of k lying above q. It is well known that if q does not 
split in K, then the order of (Ofc/q)^ is not divisible by p. (Proof: We denote by k^ the 
completion of k at q. Under the assumption, fcq does not contain fip. By the structure of 
the group of units in kq, we obtain the assertion.) Since Gal{Mq{k) / L{k)) is isomorphic 
to a quotient of (Ofc/q)^, we see Mq{k) = L{k). 

We note that the nth layer kn of koo/k is the maximal real subfield of Q{fifpm+n). Hence 
by using the same argument, we also see Mq{kn) = L{kn) for all n > 1. This implies that 

Mq{koo) = L{k^). □ 

From the above arguments, it is sufficient to prove Theorem 1.1 under the following 
conditions: 

(A) k is the maximal real subfield of K = Q(/ijpm), where / and m are positive integers 
and / is prime to p. Every prime lying above q splits in K/k, and is not decomposed in 
koo/k (the latter can be satisfied by taking m sufficiently large). 

3. Properties of certain Kummer extensions 

In this section, we shall give some key results to prove Theorem 1.1. Assume that K, k, 
and q satisfy (A) in section 2. We will construct certain infinite Kummer extensions over 
Koo- We shall use some fundamental results given by Khare-Wintenberger [8]. 

We define the terms case NS and case S as follows: 

case NS : every prime lying above p does not split in K/k, 
case S : every prime lying above p splits in K/k. 
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Moreover, we use the following notation (in sections 3 and 4): 

• J : complex conjugation 

• qi, . . . , : prime ideals of k lying above q 

• pi, . . . ,pt : prime ideals of k lying above p 

• £2j, Of (i = 1, . . . , r) : prime ideals of K lying above q^ 

• (j = 1, . . . , t) : prime ideals of K lying above p (case NS) 

• (j = 1, . . . , t) : prime ideals of K lying above p (case S) 

Following Greenberg p], we denote by s the number of primes of k which is lying above 
p and splits in K. Hence we see that s = for the case NS, and s = t for the case S. 
Note that every prime lying above p are totally ramified in koo/k by the assumption on 
k. Hence s is also the number of primes of k^ which is lying above p and splits in Koq. 

By the assumption, K^o contains all p"th roots of unity. For an element x of , we 
define 

n>l 

More precisely, Koo{ ^^^/x) is the union of all finite Kummer extensions Kn{ ^\/x) for n > 1 
(note that Kn contains /ipn). Similarly, for a finitely generated subgroup T of , we 
define the extension Koo{ ^ ^/T) / by adjoining all p^th roots of the elements contained 
in T. As noted in [8], Koo{ *'V^) = -^oo if and only if x is a root of unity. 
The following result is helpful to prove the results stated in this section. 

Theorem B. (see Khare-Wintenberger [8]) Let T he a finitely generated subgroup of , 
and S a finite set of (finite) primes of K. Let I be the subgroup of Ga\{Kao{ ^ VT) / Kao) 
generated by the inertia subgroups for the primes in S. For a prime x contained in S , let 
Kt- be the completion of K at r. We denote by T be the closure of the diagonal image ofT 
in Hrgs ■ (Recall that is the p-adic completion of .) Then rank^^X = rank^^T. 

We shall construct several Kummer extensions unramified outside {p, q} over K^o by 
following the method given in [5]. (See also Greenberg [3J.) Let k^ be the decomposition 
field of -fC/Q for q. By the assumption, k^ is an imaginary abelian field and [k^ : Q] = 
2r. Let Qi, . . . , Qr, Qi , ■ ■ ■ ,Qr be the primes of k^ lying below d, . . . , 0^, Hi , . . . , H;^ 
respectively. We can take a positive integer h such that 

• Qi is a principal ideal generated by ai, and 

• ai — 1 E P for every prime ideal P of k^ lying above p. 

We note that Ql {a G Gal(fc^/Q)) is the complete set of primes in k^ lying above q, and 
{Qi)'^ = («i)- We write all conjugates of ai for Gal(A;^/Q) as the following: 

(these are distinct elements because q splits completely in k^). Moreover, we put (3i = 
ai/a{ for z = 1, . . . , r. 
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For the case S (i.e. p splits in K/k), we define pi, . . . , pt G as follows. We can take 
an integer h' such that = (ttj) for all j = 1, . . . , t. We put pi = vrj/vr/ for i = 1, . . . , t. 

Definition. We put 

Tq = {^i\i = l,...,r), 

which is a subgroup of (k^)^ (and hence also a subgroup of K^). For the case NS, we 
put T = Tq. For the case S, we put 

T = {(3i,pj I i = 1,. . . ,r, j = l,...,t). 

Moreover, we put Ng = ^\/%) = i^oo( "Vt). (Of course, N = Nq for the 

case NS.) 

Lemma 3.1. (1) and Ng are abelian extensions over k^o- (2) N/K^o and Ng/Koo 
are unramified outside (3) Gal{N/K^) = Z®^+^ and G8il{Ng/Koo) = Zfr (Recall 

that 8 = for the case NS, and s = t for the case S.) 

Proof. (1) Since J acts on T as —1, then J acts on Gal(A^/-R'oo) and the action is trivial. 
This implies that N/k^ is an abelian extension. The assertion for Ng follows similarly. 

(2) Note that all elements contained in T (resp. Tg) is {p, g}-units. Hence N/Koo (resp. 
Ng/Koo) is unramified outside {p,q}- 

(3) We shall show the assertion for N/K^o with the case S (hence r + s = r + 1). The 
rest cases can be shown quite similarly. We claim that T is a free Z-module of rank r + s. 
Since T is generated by the (non-torsion) r + t elements 

P2, ■ ■ ■ , Pr, Pi, P2, ■ ■ ■ , pt, 

it is sufficient to show that there is no relation for these generators. Assume that there 
are integers (i = 1, . . . , r + t) which satisfy 

aai na2 oar f^r+l a,r+2 rf^r+t _ 1 

Pi P2 ' ' ' f-'r Pi P2 ' ' ' Pt — -'-5 

and 7^ with some i. By using the prime ideal factorization, we see that there are 
integers hi (z = 1, . . . , r + t) 

• ■ ■n^q3i'+^ ■ ■ = {o.if' ■ ■ ■ (a^)''-(*pf)''-+^ ■ ■ ■ (q3/)'''-+', 

and satisfying 6i 7^ with some i. Since all prime ideals appeared the above equation are 
distinct, it is a contradiction. Then the claim for the case S follows. The claim for the 
case NS can be shown by using the same method. 

Let T be the closure of T in i^^. Then Zp-rank of T is r + s. As noted in [8] (see 
Remarks after the proof of [H Lemma 2.2]), this fact implies that rank^^Ga^A^/i^oo) = 
r + s. Since Ga\{N / Koo) is generated by r + s elements, we obtain the isomorphism 
Gal(A^/-ft'oo) — Z®*""*"*. The assertion for Gal(A'q/_R'oo) can be proven quite similarly. □ 



For a prime x of K, we define fr be the normalized valuation of K with respect to r. 
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Lemma 3.2. (cf. Greenberg [3]) (1) For every i = 1, . . . ,r, the unique prime lying above 
Oj is ramified in Koo{ ''VA)/-^oo- (2) Nq fl Mp{Koo) is a finite extension over K^o- 

Proof. (1) Let Xq. be the inertia group of Gal(-ft'oo( / Koo) for the unique prime of 
lying above Hj. We denote KQ^ the completion of K at 0i. Since fi3-(/3i) ^ 0, then 

the image of /3j in Kq generates non-torsion subgroup (see [8j). By Theorem B, we see 
that rank^pX^. = 1, and then the assertion follows. 

(2) This fact is already mentioned in [3] without proof. Let Xq be the subgroup of 
Gal{Nq/ Kao) generated by the inertia groups of the primes lying above q. At first, we 
shall show that rank^^X^ = r. 

Let Tq be the closure of the diagonal image of Tq in 11^=1 ^Qj- Assume that rank^^T^ < 
r. Then there are elements of Zp which satisfies 

for all j = 1, . . . ,r, and 7^ with some i. However the fact VQ.{Pi) 7^ implies that 
Oj = for all i. It is a contradiction. Then, rank^^Xg = rankg^T^ = r. 

By Lemma 3.1, we see rankzpGal(A^g/i^'oo) = r. Hence, we found that Xq has finite 
index in Gal{Nq/ Koo)- Since Mp{Koo) / K^o is unramified at the primes lying above q, we 
see that Nq fl Mp{Koo)/Koo is a finite extension. □ 

Proposition 3.3. Let Xp be the subgroup of Gal{N/ K^o) generated by all inertia groups 
for the prime lying above p. Then Xp has finite index in Gal{N/Koo). 

Proof. Firstly, we consider the case NS. We assume that p does not split in K/k. Hence 
s = 0, T = Tq, N = Nq, and there are just t primes in K lying above p. By Theorem 
B and Lemma 3.1, it is sufficient to show that rank^^Xp = r. Let Tq be the closure of 

the diagonal image of Tq in 11^=1 ^^j- Theorem B, we see that rank^^Xp = rankz^T^, 
hence we shall show rankz^T^ = r. 

Recall that is the decomposition field of K/Q for q, and Tq is also a subgroup of 
{k^)^ . We denote by Pi, . . . ,Pu the primes of k^ lying above p (where u < t). Let Tq be 

the closure of the diagonal image of Tq in YYj^i (kp^)^ . 

We claim that rank^^T^' = rank^^T^. By the definition of Tq, every element x of Tq 
satisfies x — 1 e P/j for all /i = 1, . . . , m. Let Up^ be the group of principal units of kp^. 
We see that Tq is contained in YYh=i^Ph- Let l be the homomorphism 

u t 
h=l j=l 

induced from the diagonal embedding Up^^ — )■ rifpip^^tp- We can see that l is injective, 
and i(Tq) = Tq. Then the claim follows. 
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We shall recall the argument given in Brumer's proof of Leopoldt's conjecture for abelian 
fields (see also [1], [I3]). Assume that rank^^T^' < r. Then there are elements 
of Zp which satisfies 

/3r/32^---/3r = 1 inW],^ 
for all /i = 1, . . . , M, and 7^ with some d. Since /3j = ai/a{ and is a conjugate of 
ai, we also see that 

n («r"r('^) = i inw^, 

o-GGal(fcO/Q) 

for all r G Gal(A;^/Q), where x{a) G Zp satisfying x{a) 7^ with some a. Fix an 
embedding kp^ — )■ Cp. By taking the (normalized) p-adic logarithm of the above equation, 
we see 

x(a)logpar" =0. 

0-GGal(A:O/Q) 

This implies that the determinant of the matrix (logpCtJ"^ ^)(t,t is 0. 

On the other hand, ai, . . . , a,., af , . . . , are multiphcative independent in (k^)^ . 
Then we can see that logp ai, . . . , logp a^, logp , . . . , logp are linearly independent over 
Q. By Baker-Brumer's theorem (see Brumer p], Washington |T3]), they are also linearly 
independent over Q in Cp. Hence the determinant of the matrix (logptt^^ )o-,t is not 0. 
It is a contradiction. Then we conclude that 

rankzpT^' = rank^^T^ = rank^^Xp = r. 

Next, we shall consider the case S. Assume that p splits in K/k. That is, s = t and the 
number of primes of K lying above p is 2t. The outline of the proof is the same as the 
case NS. Let T be the closure of the diagonal image of T in 115=1 ^ ^j=i ^^J- 
this case, we shall show rank^^T = r + t. 

Assume that rank^^T < r + t. Then there are elements ai, . . . , a^+t of Zp which satisfies 

■ ■ ■ /3rpr^V2^^' ■ ■ ■ = l in U^, and 

131' /3r ■ ■ ■ /j^pr^vr^' ■ ■ ■ = i in 

for all 1 < j < However, f<pj (pj) 7^ (for 1 < j < t) by the definition of pj. The above 
equality implies that a^+j must be for 1 < j < t. Hence we obtain the equalities 

l^t'f^T ■■■/3r^ = 1 in U^^ , and 
/3r/32^---/3^ = l inW^'. 

for all 1 < J < Recall that k^ is the decomposition field of K/Q for q. We denote by 
Pi, . . . ,Pu the primes of k^ lying above p. As noted before (in the proof for the case NS), 
we can show Up^^ — > Ilfpip,, is injective. Hence we see 

8 



for all 1 < < u, and 7^ with some i. The rest of the proof is quite same as that of 
for the case NS. □ 



Since is an abelian extension of koo, we can take a unique intermediate field A^"*" 
of N/koo which satisfies Gsl{N^ /koo) — 1jp^~^^. Similarly, we also able to take a unique 
intermediate field of Ng/koo satisfying Gal{N+/koo) = Z®''. (Note that iV+ C A^+, 
and iV^ = N'^ for the case NS.) Then we obtain the following: 

Proposition 3.4. /Koo is unramified outside {p,q}, and a subgroup of Gal{N~^ /koo) 
generated by the inertia groups for the primes lying above q has finite index. fl 
Mp{koo)/koo is a finite extension. 

4. Proof of Theorem 1.1 

We will use the same notation and symbols defined in section 3. Our strategy of the 
Proof of Theorem 1.1 is similar to that of Theorem A. However, our situation has a 
difficulty which comes from the fact that Gal(Mp(A;oo)//^oo) can be non-trivial. Assume 
that K, k, and p satisfy (A) stated in section 2. 

We shall recall and define the following symbols: 

• Mp^q{koo) : the maximal pro-p abelian extension of koo unramified outside {p,q}, 

• Mp{koo) '■ the maximal pro-p abelian extension of koo unramified outside p, 

• Mq{koo) '■ the maximal pro-p abelian extension of koo unramified outside q, 

• L{koo) '■ the maximal unramified pro-p abelian extension of koo, 

• ^p,q{koo) = GsK^Mp qi^koo) / koo) , 

• Xp{koo) = Gal{Mp{koo)/koo), 

• Xq{koo) = Ga\iMq{koo)/koo), 

• X{koo) = Gal(L(fcoo)Aoo). 

We also define the following notation: 

• r = Gal(i^'oo/-^) (we often identify F with Gal{koo/k).), 

• 7 : fixed topological generator of F, 

• K, : (p-adic) cyclotomic character, 
. A = Zp[[T]]^Zp[[F]]:l+T^7, 

• t = /€(7)(l + T)-i - 1 G A. 

For a finitely generated torsion A-module A, we denote by charA^ the characteristic 
ideal of A (see, e.g., [I3]). For finitely generated torsion A-modules A and B, we write 
A B when they are pseudo-isomorphic. We denote by X{Koo)~ '■= X{Koo)^^'^ the 
minus part of X{Koo)- 

We recall the fact that Xp(A;oo) relates to X{Koo)~ by Kummer duahty. Let f{T) G A 
be a generator of c\iai\X{Koo)~ ■ We note that f{T) is not divisible by p because K is 
an abelian field (Ferrero- Washington's theorem). It is known that f{T) G A generates 
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charAXp(fcoo)- By the result of Greenberg 0, we know that the power of T dividing f(T) 
is T*, where s = for the case NS, and s = t for the case S. Hence the power of T dividing 
f(T) is just T"*. For the case NS, we see that f{T) is prime to T. 

For i = 1, . . . ,t, let kn,i be the completion of kn at the unique prime lying above pi, 
and U^{kn,i) the group of principal units in kn,i- Let (j){Ek^) be the diagonal image of 
Ek„ in Ylik^^-, and Sn the closure of (j){EkJ fl Hi^H^n,*)- We put U = lim ff,- ^^(fcn.i), 
and £^ = ^im£^„, where the projective limits are taken with respect to the norm mappings. 
Recall the exact sequence: 

^ Ga\{Mp{k^)/L{k^)) -> Xp(fcoo) -> X{k^) -> 0, 

and the fact that Gal(Mp(A;oo)/-^^(A;oo)) — We note that \imU^{kn^i) contains 

^m/ipn = A/T for the case S (see [1_2J, etc.). Hence U contains a submodule which is 

isomorphic to (A/T)®*, and £ does not contain this submodule because k is totally real. 
From the above facts, we obtain the following: 

Lemma 4.1. There is a pseudo-isomorphism of finitely generated torsion A-modules: 

Gal{Mp{k^)/L{k^)) ~ (A/T)®* © E, 

where E is an elementary torsion A-module (see Iwasawa [6], Washington [13] j whose 
characteristic ideal is prime to (T). Moreover, the characteristic ideal of X{koo) is prime 
to if). 

Let A^"*" and be extensions over koo defined in section 3 (see the paragraph before 
Lemma 3.4). 

Lemma 4.2. (see also Greenberg [3]) Mp^q{kao) = Mp{k^)N'^ . 

Proof. Though this fact is already shown in [3], we will give a detailed proof for a 
convenient to the reader. Let Mp^q{k^) be the maximal pro-p extension of k^o unramified 
outside {p,q}- By Theorem 3 of Iwasawa [7j and Ferrero- Washington's theorem, we see 
that GsX{Mp^q{koo) / koo) is a free pro-p group whose minimal number of generators is A~ +r, 
where A~ = rank2pX(fCoo) • (Note that every prime lying above q actually ramifies in 
Mp^q{koo) / koo by Lemma 3.2.) By taking the abehan quotient of Gal(Mp_g(A;oo)//i;oo), we 
see that Xp_g(A;oo) — '^p^ as a Zp- module. 

On the other hand, we can see that Mp{koo) fl /koo is a finite extension by using 
Lemma 3.2 (2). Hence 

Iaxl]^1^Gsl{Mp{koo)N^ /koo) = rankz^, Jp(/coo) + r = A" + r. 

Since N^/koo is unramified outside {p,q}, we see Mp^q{koo) ^ Mp{koo)N^ ■ Then we 
have a surjection of finitely generated Zp-modules Xp^q{koo) — )■ Gal{Mp{koo)Nq /koo) whose 
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kernel is finite. However 3Cp^q{koo) has no Zp-torsion element, and hence we conclude that 
Mp,g{k^) = Mp{koo)N+. ' □ 

For a finitely generated torsion A-module A, we can define the "multiplication by T 
endomorphism" of A, and we denote by A[T] (reps. A/T) its kernel (resp. cokernel): 

^ A[f] ^A^A^ A/t 0. 

Note that F acts on Ga].{Mp^q{k^) / L{k^)) and then it is also a finitely generated tor- 
sion A-modulc. Let M' be the intermediate field of Mp^q(koo) / L{koo) corresponding to 
fGal{Mp^g{k^)/L{k^)). Hence Gal{M' / L{k^)) is isomorphic to G&\{Mp^q{k^)/L{k^))/f. 

Lemma 4.3. Mq{koo) is contained in M'. 

Proof. By class field theory, Gal{Mq{koo) / L{koo)) is isomorphic to a quotient of ^m {Ok„/q) ^ ■ 
As a A-module, ^im {Ok„/q)^ is isomorphic to (A/T)®''. Hence T annihilates Gal{Mq{koo) / L{koo)) , 
and then Gal{Mq{k^)/ L{koo))/T — Geil{Mq{koo)/ L{koo))- From the restriction map 

G8l(Mp^q{k^)/L(k^)) ^ G8l{Mq(k^)/L(k^)) ^ 0, 
we obtain a surjection 

G8l{Mp^q{k^)/L{k^))/f ^ G8l{Mq{k^)/L{k^)) ^ 0. 
By the definition of M', we see Mq{k^) CM'. □ 

Lemma 4.4. L{koo)N~^ is contained in M'. 

Proof. Note that Gal(L(k^)N+/L(k^)) ^ Gal(A^+/A^+ n L{k^)), and Gal(A^+/A^+ n 
L{koo)) is a subgroup of Gal{N'^ / koo) ■ By the construction of iV+, we see that T anni- 
hilates Gal(iV+/A3^), and hence also annihilates Gal(L(/coo)A'"+/L(/coo))- The rest of the 
proof is similar to that of Lemma 4.3. □ 

Lemma 4.5. M' / L{koo)N~^ is a finite extension. 

Proof. Wc shall show that rankzpGal(M7L(A;oo)) = Ta.r]ki^Gal{L{k^)N'' / L{k^)). By 
Proposition 3.3, we see that NnL{koo)/koo is a finite extension. Hence rankzj,Gal(L(A;oo)A^^/-^>(/i;oo)) 
is equal to rankzj,Gal(A'"+//coo) — r + s. 

On the other hand, Mp^q{k^) = Mp{k^)N+ by Lemma 4.2, and Mp{k^) n N+/k^ 
is a finite extension by Lemma 3.2. By using Lemma 4.1, we can obtain the following 
pseudo-isomorphisms : 

^p,,{koo) ~ ^p{koo) e Ga\{N+/k^) ~ (A/r)®'-+^ e e\ 

where E' is an elementary torsion A-module whose characteristic ideal is prime to (T). 
Hence, rwak'z^^p^q{k^) /f = r s. 
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The following exact sequence: 



^ Gal(Mp,,(A;oo)/L(A;oo)) ^ Xp,g{koo) ^ X{k^) ^ 

induces the exact sequence: 

X{k^)[f] ^ Gel{Mp,g{koo)/L{koo))/f ^ Xp,,{k^)/f ^ X{k^)/f ^ 0. 

Since charAX(A;oo) is prime to (T), both of X(A;oo)[7'] and X{koo)/T are finite by Lemma 

4.1. Hence rankzj,Gal(L(A;oo)-^'^/^(^oo)) is equal to i:ajakj^^Xp^q{k^) /f = rankzpGal(M7iv(/Coo))- 

□ 

For a Galois group G appeared below, we denote X{G) by the subgroup of G generated 
by the inertia groups for all primes lying above p. 

Lemma 4.6. rwak'zJI{Gal.{N'^ L{koo) / L{koo))) —r-\-s. 

Proof. We shall take a prime V of lying above p. Let I-p be the inertia subgroup of 
Gal(A^"'"/A;oo) for V. Similarly, let be the inertia subgroup of Gal(A^"'"L(A;oo)/A:oo) for 
V. Then the restriction map induces a surjection l!p — )■ I-p. Hence there is a surjection 
X{Gal{N+L{k^)/koo)) X(Gal(A^+/A;oo)). By Proposition 3.3, rankz^X(Gal(A^+/A;oo)) = 
r+s. We see that vax\k-i^X{Gsl{N^ L{koo) I koo)) > r + s. Since L(/coo)/fcoo is an unramified 
extension, X{Gs\{N^ L(koo) / koo)) is contained in Gal(A'""'"L(/i;oo)/-^(/coo))- By these results, 
we see that v&Vik'i^X^Gsl^N^ L{k^) / L{koo))) = r + s. □ 

We shall finish to prove Theorem 1.1. By Lemma 4.6, xajakipX{Gal{N^ L{koo) / L{koo))) — 
r + s. Moreover, rankzpX(Gal(MYL(A;oo))) is also r + s because M' /N^L{koo) is a finite 
extension (Lemma 4.5). From the proof of Lemma 4.5, we see that rank2pGal(M'/L(/coo)) 
is r + s. Then X(Gal(M'/L(A;oo))) is a finite index subgroup of Gal(M'/L(/coo))- By 
Lemma 4.3, Mq{koo) is an intermediate field of M'/L{koo)- Since Mq{koo) / L{koo) is un- 
ramified at all primes lying above p, we can see that Mq{koo) is contained in the fixed 
field of I(Gal(M'/L(/coo)))- This implies that Mq{koo) / L{koo) is a finite extension. 

We have shown Theorem 1.1 for k and p satisfying (A). Then, as noted in section 2, 
we obtain Theorem 1.1 for general k and p. □ 

5. Slight generalization of Theorem 1.1 

In this section, we shall give a simple remark that the inverse of Lemma 2.1 holds under 
a (strict) condition. 

Lemma 5.1. Let k'/k be a finite extension of algebraic number fields. Assume that 
every prime in koo lying above q does not split in k'^. If Gsl{Mq{koo) / L{koo)) is finite, 
then Gal{Mq{k'^/ L{k'^) is also finite. 
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Proof. Let 

In ■■ {(XM- (oZ/q)- 
be the homomorphism induced from the natural embedding. We claim that the order of 
the cokernel Coker(J„) is bounded as ri — )■ oo. Assume that n is sufficiently large such 
that every prime of /c„ lying above q does not split in k'^. We also may assume that 
n fcoo = kn- Let q be a prime of fc„ lying above q, and O. the unique prime of k'^ lying 
above q. To see the claim, it is sufficient to show that the order of the cokernel of the 
homomorphism 

(induced from the natural mapping) is bounded as n — )■ oo. However, this fact easily 
follows because the above map is injective. We have shown the claim. 

Then the order of the cokernel Gal(Mg(A;„)/L(fc„)) Gal{Mg{k'J / L{k'J) induced 
from In is bounded as n — oo. By using a similar argument given in the proof of 
Lemma 2.1, we can see that if the order of GaA{Mg{kn) / L{kn)) is bounded, then order of 
Gal{Mg{k'J/L{k'J) is also bounded. □ 

The above lemma implies that Theorem 1.1 can be generalized for some non-abelian 
fields. 

6. Zp-RANK OF S'-RAMIFIED IWASAWA MODULES 

We shall lead a formula of the Zp-rank of S'-ramified Iwasawa modules (for general S) 
from Theorem 1.1. As same as Theorem 1.1, the strategy of our proof is quite similar to 
that of given in j5] . 

In this section, we will use the following notation (similar to Greither's [1] or Tsuji's 
[12] but slightly different): 

• p : fixed odd prime, 

• S : finite set of rational primes not including p, 

• F : finite abelian extension of Q unramified at p, 

• Kn = K{Hpn+l), 

• Koo = Un>iKn : the cyclotomic Zp-extension of K, 

• G = Gal(iroo/Qoo) = Gal(ir/Q), 

• r = Ga\{K^/K), 

• Gp : Sylow p-subgroup of G, 

• Gq : non-p-part of G (the maximal subgroup of G consists of the elements having 
prime to p order), 

• 7 : fixed topological generator of F, 

• K, : (p-adic) cyclotomic character, 

• oj : (p-adic) Teichmiiller character, 
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• J G G : complex conjugation. 
Let X be a p-adic character of G. We denote by Qp{x) the extension of Qp by adjoining 
the values of x, and the valuation ring of Qp(x)- We put = [Qp{x) '■ Qp]- Let 
be a free rank one O^^- module such that a G G acts as For a Zp[G']-module M, we 

put = M ®Zp[G] O^, which is called the "x-quotient" in [12] (or the "x-part" in [^). 
The functor taking the x-Quotient is right exact. We also put 

= Tk\J2^^QMmr>ix{(^y)'''^ e Qp[G]. 

If p does not divide \G\, then = e^M. In general, we see 

(g)z, Qp = (M Qp)^ = e^(M Qp)- 

For more informations about the x-Quotient, see [1], [12] for example. 

We also give some simple remarks. For a Zp[G]-module M, we put = M^^"^ . Since 
p is odd, we have a decomposition M = M"*" © M~ . For a character x of G, we see that 

= {M+®M-)^ 

= (M+ © M-) 

= (M+ ©z,[G] O^) © (M- ©z,[G] O^) 

= M+©M-. 

We claim that if x is odd, then is trivial. Let 

(a © 6) G M+ ©2^[G] (\ = M+. 

Note that J acts trivially on M"*" and acts as —1 on O^. Hence the equality 

(a © 6) = ( Ja © 6) = (a © J6) = (a © -6) 

implies that (a © 26) = 2(a © 6) = 0. Since p is odd, we obtain the claim. Similarly, we 
can see that if x is even, then M~ is trivial. 
For a rational prime q distinct from p, we put 

j?, = i^(d^)x 

Let r be the number of primes of K^o lying above q. Then Tanki^Rg = r. Since g is a 
rational prime, G acts on Rg. We shall determine the Zp-rank of {Rq)x- 

First, we assume that q is unramified in K (i.e., the conductor of F is prime to q). Let 
D be the decomposition group of Gal(ifoo/Q) for q. Then we can write D = Dp x Dq, 
where Dp = Zp and Dq is a finite cyclic group whose order is prime to p. We may regard 
Dq as a subgroup of Go- Note that Gal(i^'oo/Q) is isomorphic to F x Gp x Gq. Then we 
can take a generator of Dp of the from '~f^"^crp with some m > and dp G Gp. We also 
take a generator ctq ^ Gq of -Dq- Hence D is a procyclic group generated by 'j^^ apaQ. 
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In the above choice of the generator of Dp, we can see that m and is uniquely 
determined. (Since Dp = Zp, every generator of Dp is written by the from (7^"'(7p)" with 

Lemma 6.1. Rg is a cyclic Zp[G][[r]]-module. 

Proof. Fix a sufficiently large integer uq such that every prime in lying above q 
remains prime in for all m > no. Let n be an integer which satisfies n > no. We put 
— Gal{Kn/Q). Let q be a primes of q in Kn. We remark that Hpn+i C Kn and //pn+2 ^ 
Under the assumption on n, we can see that the Sylow p-subgroup of (O/^^/q)^ is 
generated by (pn+i (mod q) with a generator (pn+i of fipn+i. Let {qi, q2, . . . , qr} be the 
set of primes of lying above q. Wc assumed that q is unramified in Koq/Q, then 
= qiq2 • • • qr- Since the action of C-"^ on {qi, c{2, ■ ■ ■ , c{r} is transitive, we can see 
that the Sylow p-subgroup of {OK^/q)^ is isomorphic to [G'^^Y-^*'"''] ^ Zp[G('^)]- 
module, where D^") is the decomposition subgroup of G^") for q. Take an element of 
Ok^ which satisfies 

q;„ = Cp"+i (mod qi), = 1 (mod q2), = 1 (mod q^). 

Then a„ (mod g) is a generator of the Sylow p-subgroup of {OK„/q)^ as a ZpIG*^"-*]- 

module. Hence the Sylow p-subgroup of (Oxn/q)^ (which is isomorphic to {0x^1 q)^) is 
a cychc Zp[G(")]-module. 

We can choose a suitable set of generators such that NK^/K„{am) = Q;„ (mod q) 
for all m > n > no. Hence we obtain the following commutative diagram with exact raws: 

Zp[GM] ^ (oZTq)- ^ 

i i 
Zp[G(")] ^ (0^)x ^ 0, 

where the left vertical mapping is induced from the restriction mapping, and the right 
vertical mapping is induced from the norm mapping. Since ^ZpfG^")] = Zp[G][[r]], we 
obtain the assertion. □ 

Hence there is a surjection (/? : Zp[G][[r]] — )> Rg. Wc note that ^^"^apa^ acts on R^ as 
fi;(7P'"(jp(To). (Recall that k is the cyclotomic character.) Then the kernel of 99 contains 
an ideal generated by 7^'"(7p(7o — K(7^™(7p(7o). 

By taking the x-quotient, we obtain a surjection ip-^ : O^ff^]] ~^ i^qlxi ^^'^ kernel 
of (p^ contains x('^pCro)7^'" ~ i^i.!^"" o'pao). We may regard {Rq)x as a 0^[[T]]-module 
via the isomorphism 0^[[T]] = 0^[[T]] with 7 1 + T. We put A^^ = 0^[[T]], and 
>^o = '^(7) £ 1 +pZp. Then we see that {Rq)^ is annihilated by 

fgjT) = (1 + 7)^-" - x-'M<CTpao)Kf e A^. 
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Let ^ be the maximal ideal of O^. Since kq G 1 + pZp, if 

X"^(o-pao)/«(apao) ^ 1 (mod 

then fq,x{T) is a unit polynomial, and hence (-Rg)x is trivial. We see 

X~^((Tp(7o)«;(c7p(To) = X~^K(c7o)x~^«;(c7p) = x~^'^(o-o)x"^«(o-p)- 

Note that X^^i^{^p) is ap-power root of unity and then congruent to 1 modulo More- 
over, x~^a;((To) is a root of unity whose order is prime to p. Then x~^a;((To) = 1 (mod 
if and only if x~^a;((To) = 1. Consequently, we showed that if x~^a;((To) ^ 1, then {Rq)x 
is trivial. 

We can see that the number of characters x satisfying x~^C(;((To) = 1 is just \G/Dq\. 
(It is equal to the number of characters x' of G satisfying x'(Do) = 1-) Though {Rq)x is 
non-trivial, it is annihilated by /^^^(T), and then iax\ki^{Rq)^ < d^p"^- By considering 
these facts, we obtain the inequality: 

r = rankz,i?5 = ^rankz,(i?,)^<5]d^p'"= IG/Dol xp™, 

X X 

where x runs all representatives of the conjugacy classes satisfying x~^C(;((To) = 1 in the 
above sums. (We also give some remarks. The second equation follows from the fact that 
Rg ®Zj, Qp = 0;^(-Rq)x Qp- Moreover, Zl^^x = l^'Z-^ol, and m is independent of x)- 
We claim that r = \G/Do\ x p^. Let be the decomposition field of K^o/Q for q. 
Then the p-part of [K^ : Q] is equal to the p-part of [K^n : Q]. Hence this is equal to 
\Gp\ X p"^. On the other hand, the non-p-part of [K^ : Q] is equal to \Go/Do\. We see 

[X^ : Q] = IG^I X p"^ X \Go/Do\ = \G/Do\ x p^. 

Since r = [X^ : Q], the claim follows. 

Prom this claim, we see that the above inequality is just an equahty. Hence for all 
character x satisfying x~'^<^(co) = 1, the Zp-rank of {Rq)x is dxP"^- We also note that 
K^CTp) = 1 because Up fixes all elements of /ipn for all n. Hence, when x~^<^(co) — we 
can write 

Ux{T) = {l + Tr-X-\cTp)Kf. 

Secondly, we allow the case that q is ramified in K. Let / be the inertia subgroup of 
Gal(fC/Q) for q, and the inertia field of K/Q for q. We remark that all primes lying 

above q are totally ramified in Kn/K^. Hence {OK„/q)^ — {Oxi^/q)^ for all n. We put 

i?J = ^(d;^)x 

Let X be a character of G. If x{^) = then x is also a character of Gal{K^ /Q), and 
hence {Rq)x — {Rq)x- Prom this, if x(-^) 7^ 1, we see that {Rq)x is finite by comparing 
Zp-ranks of each modules. 
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Since q is unramified in Q(/ipoo) (where /Xpoo = (Jn>i l^p")-i '^^ that K^^ contains /Xpoo. 
Then the proof of Lemma 6.1 also works for K^^. 

We also determine the structure of {R,^x general case. Assume that = 1. Then 
x((t) for a G Ga^X^/Q) = G/J is well defined. Repeating the argument given in the 
unramified case for ^ we can take (Jq and o"p for q. (They are determined modulo /, 
and (Tp (mod /) is uniquely determined. Hence x(o"p) is dependent only on q.) We also 
assume that x'^'^i.^o) = 1- Since Zp[G'//]^ = O^, we can take 

as an element of A^^ = ^x[[-^]]- ^® ^^^^ i-^g)x annihilated by fq^^{T) because 
As a consequence, we obtained the following: 

Proposition 6.2. Let x be a character of G. Then (Rq)x ®ip Qp ''-^ non-trivial if and 

only if X satisfies x(/) = 1 and x~^a;((7o) = 1. Moreover, if {Rq)x Qp is non-trivial, 
then 

and rankzj^(i?g)^ = dxP^- 

By class field theory, we have the following exact sequence: 

E^^Rg^ Gal(Mg(K^)/L{K^)) ^ 0, 

where E^o = ^m Ek„, ■ Assume that x is a non-trivial even character of G satisfying 
x(/) — 1 and x~^i^(o"o) = 1- By taking the x-Quotient (it is right exact), we see 

(Eoo)x ^ {R,)x ^ Gal{Mq{K^)/L{K^))x ^ 
is exact. Since {Rq)x is annihilated by /^^^(T), we obtain the exact sequence: 

{E^)Jf,^^{T) ^ {R,\ ^ Gal(M,(X^)/L(X^))^ ^ 0. 
By tensoring Qp, we also obtain the exact sequence: 

{E^)x/ fq,x{T) ^z, Qp ^ {Rq)x Qp ^ Gal(M,(Xoo)/L(Xoc))x Qp ^ 0. 

Proposition 6.3. For every non-trivial even character x of G satisfying x{I) — 1 o-i^d 
X~^<x'((7o) = 1; the mapping 

{E^)JfgjT) Qp ^ (i?,)x <H)z, Qp 
appeared above is an isomorphism as Qp-vector spaces. 

Proof. As we noted before, we have a decomposition 

Gal{Mq{K^)/L{K^))x = Gal(M,(X^)/L(Xoo))+ Gal(M,(X^)/L(X^))-. 
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Moreover, we already know that Gal(Mq(i^'oo)/-^(-^oo));^ is trivial for every even char- 
acter X- Let K'^ be the maximal real subfield of K. Since p is odd, we see that 
G&\{Mq{K^) / L{K^))+ is isomorphic to Gal(Mq(ir+)/L(K+)). Hence we obtain 

G^\{M,{K^)/L{K^))^ = Gal(M,(ir+)/L(K+))^ 

for every x satisfying the assumption. (We note that x can be viewed as a character of 
Gal(iri/Qoo).) 

By Theorem 1.1, we see that Gal{Mg{K^) / L{K^)) is finite, and hence we see that 
Gsil{Mq{Koo) / L{Koo))x ®ip Qp is trivial. From this, we have a surjection 

(^oo)x//g,x(^) % ^ iR<l)x %■ 

By Proposition 6.2, dmi,^^{Rq)^ Qp = d^j)^. We shall calculate the dimension of 

Let U be the projective limit of semi local units in Koo/K for the primes lying above 
p, £ the closure of the diagonal image of global units (see section 4). Since Leopoldt's 
conjecture is valid for all Kn, we see that £ is isomorphic to E^o- It is known that £x®'Lp'Q.p 
is a free cyclic Qp-module. (See [1], pjj. Indeed, the Coleman homomorphism 

induces an injection from £y^ Qp to a free cyclic Qp-module, even when p splits 

in K/ . Since A^ Qp is a PID, the assertion follows.) Then we see 

(V/.,x(^)) Qp = (^x®z,Qp)/(/,,x(^)®i) 

= (A^ Qp)/(/,,^(T) ® 1) 
- (A^//,,^(T)) Qp. 

Hence we showed that dim(Qp(£'oo)x//5,x(^) ®Zp Qp = dy/p^. This implies the assertion. 

□ 

Here we shall state our main result. Let x be an arbitrary character of G. Let S be 
a finite set of rational primes which does not include p. In this case, G acts on ^^(i^'oo) 
and hence its x-Quotient can be considered. We shall give a formula of ia:'nki^Xs{Kao)x- 
For a prime q & S, let Iq be the inertia subgroup of G for q. We also write ap^q,ao,q,mq 
as cTp, (Jo, m for q (defined before), respectively. (Recall that (jp ^ and ao^q are determined 
modulo Iq.) 

Theorem 6.4. We put 

S^ = {qe S \ X{lq) = 1, X'^^{(^0,q) = 1}, 
fqjT) = (1 + TY"-' - X-\0,,q)K{^r' G 0,[[r]], 

and F{T) = Icm^g^^/g ,^(T). If Sy^ is not empty, then 
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where 

r 1 (x=^) 

Px=\^ (X: odd, Xt^uj) 

[ d^degF{T) (x : even ). 

If is empty, then mnk^^Xs{Koo)x = rankzpX(Koo)x- 

Proof. Recall the following exact sequence: 

^oo 0i?, ^ Gs.l{Ms{K^)/L{K^)) ^ 
qes 

which is stated in section 2. By Proposition 6.2, we see that {Rq)x ®ip Qp is non-trivial if 
and only if g G S^. Hence, if is empty, then Gal(M5'(i^'oo)/-^(-^oo))x Qp is trivial, 
and iai]kzpXs{Koo)x = rank2pX(i^oo)x- the following, we assume that is not empty. 
By taking the x-quotient and tensoring Qp, we have the exact sequence: 

(^oo)x Qp ^ 0(^,)x Qp ^ Ga\{Ms{K^)/L{K^))^ Qp ^ 0. 

qeSx 

It is sufficient to determine the cokernel of r]^. 

Since p is odd, we have a decomposition Eoo = E^(BE^, and we can see = ^im /Xpn. 
We also note that (-Eoo)x — (-^<i)x ® i^oo)x ^ character x of G. It was already shown 
that if X is an odd character, then (-E^)x is trivial, and hence (-Eoo)x — (lim fip^)x. 

Assume that x = Then {E^)^ = lim /ipn, and the natural mapping lim 
®qes^ -Rg is injective. We also note that d^^ = 1. From these facts, we see that 

reLnkz^Xs{K^)u, = TSinkz^X{K^)^+Y^ rankzp(i?g)^-l = mnk^^X {K^)^+Y^ p'"'-!. 

qeSui qeSuj 

Assume that x is odd and x Then (-E'oo)x is finite. (In general, it may be 

non-trivial. See [12].) Hence we see 



rank2;^X5(iroo)x = mnkz^X{K^)^ + ^ d^p"'\ 

qes^ 

Let e be the trivial character. Then we can see that 

XsiK^)e Qp = A:5(Qoo) Qp, X{K^)e Qp = X(Qoo) 

by using Lemma 2.1 of Hence ia.'nki^X{Koo)e = 0. We also note that 

Ss = {qe S \ a;(o-o,g) = l} = {qeS\q=l (mod p)}. 
By the results for Qoo (see [5J), we see that Xs'(Qoo) = Xs^{Qoo), and 

mnk^^Xs{K^)e = J^P'"^ " max{p™' | q e S,}. 

qes, 
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Since = I and fq^e = (1 + T)^"'' — ^ we see that 

max{p™« \ qeS,} = d,degF{T). 
From these facts, the formula 

rankz^X5(Xoo). = X{K^), + ^ ^p"'" - d,degF{T) 

qeSe 

is certainly satisfied. 

Finally, assume that x is non-trivial and even. By Proposition 6.3, we see that 

is an isomorphism. This isomorphism implies that 

is injective. By using the same argument stated in the proof of Proposition 6.3, we obtain 
that dimQp(£^/F(r)) Qp = d-^degF{T). Hence we see that 

rankz,X5(Koo)x = rankz,X(Xoo)x + ^ d^p""" - d^degF{T). 

We have shown the formula for all cases. □ 

Rerricirk. Assume that p does not divide Then fq,x{T) = (1 + Ty""" — Kq " , and 
hence degF(T) = max{p"*« | q e 5"^}. Moreover, we can see that p^" is equal to the 
number of primes of Qoo lying above q. 

Example 6.5. We put K — Q{Hp), the pth cyclotomic field (recall that p is an odd 
prime). In this case, every character of G = Gal(ir/Q) is written by the form with 
< i < p — 2. Note also that q E S is unramified in K. We may identify G with (Z/pZ)^, 
and (7o,5 with q (mod p) . Then we can see 

S^i^{qeS\ uj'-'{ao,q) ^l}^{qeS\i = l (mod /,)}, 

where fq is the order of q in (Z/pZ)^. Assume that S^i is not empty. We put 

r 1 (i = 1) 

^ ; (i : odd, i ^ 1) 

[ max{p"*« I q e S^^i} {i : even). 

By Theorem 6.4, we see 

where A^^i = reinkij,X{K^)i^i is the a;'-part of the (unramified) Iwasawa A-invariant of 
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Example 6.6. Let k he a real quadratic field with conductor d (the case that p divides 
d is allowed). We put K — k{iJ,p). Let x be the quadratic character of G = Gal{K/Q) 
corresponding to k. We may regard x (resp. a;) as a Dirichlet character modulo d (resp. 
modulo p). In this case, we see 

S^^{qeS\x{q)y^O, x{q) ^ co{q)}. 

Hence consists of the primes in S which satisfy: 

• q = 1 (mod p) and q splits in A;, or 

• q = —1 (mod p) and q is inert in k. 

Assume that S^y^ $. We put P — max{p"*« \ q E S-^}, then we obtain the formula 

rankz,Xs(iroo)x = r£inkz^X{K^)^ + XI " ^■ 

Note that rankipX {K(x,)x is equal to the (unramified) Iwasawa A-invariant of k^/k. (If 
Greenberg's conjecture is true for k and p, then rankipX (K^)-^ — 0.) Since 

(where £ is the trivial character), we can compute the Z^-rank of Xs{koo)- 

Example 6.7. Let F/Q be a cyclic extension of degree p. Assume that p is unramified 
in F. We put K = F{i^p), and fix a character x of G = Gsil{K/Q) satisfying /sT^erCx) = p. 
Let 0- be a fixed generator of Gal(Foo/Qoo) = Gal(F/Q), and F(^) the fixed field of F^ by 
(70-*) for < i < p — 1 (hence F(°) = F). For simplicity, we assume that every prime of 
5" is not decomposed in Qoo- Hence if g G is unramified in F, then the splitting field of 
Foo/Q for q must be one of . . or F(P-i). By the definition of X, wc sec that X ^(c) 
is defined, and we put X~^(cr) — ^ (note that C is a primitive pth root of unity). In this 
case, we obtain that 

Sx = {qGS\q=l (mod p), q is not ramified in F}. 

Under the assumption for S, wc sec rriy = for all q G S^. When q E splits in F^^\ 
we sec that X^^i'^p,q) = = C\ and hence fq,x{T) = (1 + T) — C^o- Wc note that 

if i 7^ j, then (1 + T) — Qkq and (1 + T) — ^■'/to are relatively prime. We put 

S^^i ^{qe Sx\q splits in F^}, 

for < i < p — 1. Assume that 5"^ 7^ 0. Prom the above facts, we see that degF(T') is 
equal to the number of non-empty S^/s. That is, 

degF(r) = 1*1, where * = {i | < i < p - 1, Sx,iy^<l)}. 

Since = p — 1, we see 

rankz^X5(iroo)x = reinkz^X{Ko^)x + (p - 1) ^ {\Sx,i\ - 1) . 
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